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1 Introduction
Mathematical models of disease propagation have been stud-
ied for a long time, and various models have been proposed. In
the last decade, much attention has been paid to the epidemic
dynamics on a network, and those researches have revealed
that the network structure affects the epidemic dynamics on
the network. Similarly, the spreading of an infectious disease
on the network can have a strong effect on the dynamics of
the network structure. For example, people tend to avoid con-
tact with infectious individuals in real networks. Therefore, an
epidemic model on an adaptive network has been introduced
as a model that takes into account the interaction between the
dynamics of networks and the dynamics on networks [1, 2].
The study of these models develops our understanding of the
epidemic spreading on networks.

In the previous study [2], the moment-closure approxima-
tion (MCA) and the degree-based mean-field (DBMF) theory
have been used to analyze the epidemic dynamics and the net-
work dynamics. These are common analytical approaches for
dynamics on networks, however, these are often inaccurate
due to the following assumptions. The DBMF theory is based
on the assumption that there is no dynamical correlation. The
MCA includes dynamical correlations at a pairwise level only.

In order to improve accuracy, the approximate master equa-
tion (AME) approach, which is the extension of the DBMF
theory, has been proposed [3, 4]. The variables of the AME
have full information of those neighbors, namely, the dynami-
cal correlation is taken into account. The AME approach pro-
vides a good prediction of the time evolution and good esti-
mates of critical values for binary-state dynamics on a net-
work.

In this study, we extend the AME approach to three-
state dynamics and analyze the adaptive SIRS (susceptible-
infected-recovered-susceptible) model of Shaw et al. [2].

2 SIRS Model on an Adaptive Network
We consider a network with N nodes and K undirected links.
The nodes correspond to individuals, and the links repre-
sent relationships between them. We assume that the net-
works have no degree correlation. The degree distribution
of the network is pk , and the mean degree of the network is
hki D

P
k kpk D 2K=N . Self-loops and multiple links are

not allowed.
At any time, each node is in a specific state, either suscep-

tible (S), infected (I) or recovered (R). A susceptible node
which has l infectious neighbors becomes infected with rate
(probability per unit time) �l . An infected node becomes re-
covered with rate �. A recovered node becomes susceptible
again with rate �. In addition, for every link between a nonin-
fected node (S or R) and an infected node (I), the noninfected
node cuts the link with rate ! and forms a new link with an-
other randomly selected noninfected node. These rules guar-
antee that N and K remain constant over time.

3 Simulations and Results
Let Sklm.t/ .Iklm.t/; Rklm.t// be the fractions of susceptible
(infected, recovered) nodes that have degree k, l infectious
neighbors and m recovered neighbors at time t . We derive
the AMEs for these variables, and obtain time evolution of
the system by numerical integration. Similarly, we obtain so-
lutions of the MCA and the DBMF theory. In addition, We
performed Monte Carlo simulations.

First, we examined the time evolution of infection, defined
as the fraction of infected individuals I.t/. The AME solution
agrees with the result of the simulation (Fig. 1).

Next, we studied the epidemic threshold �c . The SIRS
model exhibits a phase transition between the healthy state and
the endemic state. These states are characterized by a param-
eter � and an order parameter I1 that expresses the fraction
of infected nodes at steady state. If � < �c , the system stays
healthy and I1 is zero. In contrast, the endemic phase appears
and I1 > 0 at � > �c . The threshold obtained from AME
approach is different from that obtained from MCA or DBMF
theory, and match the result of simulations.

4 Summary
We have studied the adaptive SIRS model using the AME
approach. By integrating AMEs numerically, the AMEs re-
produce the time evolution of the model with good accuracy.
Moreover, the epidemic threshold obtained from the AME ap-
proach is in good agreement with that found by the simula-
tions.
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Fig. 1 Time evolution of the fraction of infected nodes
I.t/. The initial degree distribution is regular-random net-
work with hki D 5, and parameters are N D 104, � D 2:0,
� D 1:0, � D 1:0, ! D 5:0.


